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Fundamental theorems
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“Rolle's Theorem : | S 2
If f(x)is T T -

~1a co@McTuon on the interval [a, b]
_2) differentiable on the open interval (a, b)
3) and (0) = £6), - -
then there is at least one value ¢ of x in the interval (a, b)
such that f '(c)=0
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Example 1 The graph of f(x) mor}\s x<5is
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()= £(5) = -
and f is continuous on [1 , 5] and differentiable on (1, 5)
hence, ——

according to Rolle's theorem, there exists at least one value
of x = ¢ such that f '(c) = O.

f '(X) =-2x+6
Fl0:-2cebz0  C=>
Solve the above equation to obtain
c=3

Therefore at x = 3 there is a tangent to the graph of f that
has a slope equal to zero (horizontal line)

?)‘? @@ C_:j\i

- ,_:ﬁ‘ ——

B =1 7 - ] I
Ex. The graph of f(x) = s|5(x) +2 for(O < X ¢ 2mis shown -
below. e

foou 2T wﬁiw—o@
C> ¢ = g - 3?\/
<= @m/} )I
Vvizo £l13 L. . X\V\»_,\i_ E
| %\ N—=> (= S,E_
=D N 7‘ - a

f(0) = f(2m) = 2 and f is continuous on [0 , 21] and
differentiable on (O , 2m) hence, according to Rolle's
theorem, there exists at least one value (there may be more
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than onel) of x = ¢ such that f '(c) = 0.

f '(x) = cos(x)

f'(c)=cos(c)=0

The above equation has two solutions on the interval [0 , 27]
c1=m/2 and cz = 31/2.

Therefore both at x = /2 and x = 3 /2 there are tangents

to the graph that have a slope equal to zer Y
J? (N> - \/———y;g iEal VL:; >

Ex. Function f(x) = —|x — 1| + 1,—1 < x < 3, does not satisfy
Rolle's theorem: although it is continuous and f(-1) = f(3), the
function is not differentiable at x = 1 and therefore f '(c) =
O with c in the interval (-1, 3) is not guaranteed. In fact it is
easy to see that there is no horizontal tangent to the graph

of f on the interval (-1, 3). \\\/ | @D\

A 5 4 =g -
T / v % d -
a) ] ﬁ @ & @ e - \ N \"H:—
4 Iy X /
A
L= X0
IS\ Y‘%’ G NG - Y\Tt\\t—- \
C_}{D Which of the furictions given be\r;wﬁmll con mions of Rolle's thecrem?
A\\? T \
Mﬂxj’( cos{x) for x in [0, gqsr—]/;\ = \ \/\ _ \/‘
e FET 0 4 N
(x)=[x-2|,forxin [0, 4] ')1» . c?(- ;CO\S $< )

c) (x) = L forxin [- ,_/], \/K\ 'SV\I.,_ \

Kd}k(x} —ﬁ‘ﬂ@[o 21} _’T\ "—__~ LR \ @

< =

Ex. Check that function f(x) =x%=4X+ 3 on the interval

[1, 3] satisfies all conditions of Rolle’'s theorem and then

find all values of x = ¢ such that f '(c) = O.
——==

Z“Mcu
2 Y=

Ex Check that functiong(x) = TcE(Y) on the interval
["117‘2 "—3T72] satisfies all conditions of Rolle's theorem and
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- Ex. Check that functiong(x) = cos(X) on the interval

["1#2 “—=3m/2] satisfies all conditions of Rolle's theorem and
then find all values x = ¢ such that g "(c) = 0.

oL L0 meeman -

sﬂ—gmcf_v 8w o = ot—

For problems 1 =d-getermime—all the number(s) ¢ which satisfy the conclusion of Rolle’s Theorem for the given function and interval
1. f(z) = a® —42® + 3on [0, 4]
2.Q(z)=15+2z—z%on [-2,4]
R

P

3L h(t)=1—e" %on[-3,3]

4. g(w) =1+ cos[xrw| on [5,9]
1. f(z) =2 -2z — 8on[-1,3]

2.g(t)=2t - —t*on[-2,1]
1. Verify Rolle’s theorem for (i) fix) = (x + 2)° (x = 3¥in (= 2, ).
So i)y =eteimE - oo (04, 5md). (iR = 2w ) e in (- 3, 0),
S 2
T | tab]
(1v) flx) = log lx(a ik (a;B).
D %C"\\ = %(7\“&’“\’3 ——L()G(CG\-{—B))

\_d_ AN L T/ S
5 ™) = ML¥«£ (Y CS B

a b

\

e 2 o QG)O‘HJO
J;/(O ~ c_ﬁA@\‘o c (S (b)a-b
(<Drfab

Lo - e
gc_e\bickc kéﬂ—(rx(‘ J — o '

I,QU\\OXCC‘“’C \‘3
W> = <=%Rb
A w

Q Mbwm@-é“ v EE

o= Gran (3 2=t
93@/’%& /§ <O = LC_ \3 c} (4,\6 A< +g§€ _ -
)

C@Q

Mean Value Theorem

Suppose f (z) is a function that satisfies both of the followina. P / /7 ~\ -
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Mean Value Theorem )V_ 2\ % jm
Suppose f(z) is a function that satisfies both of the following. ’F/ ( C> @

1. f (z) is continuous on the closed interval [a, b].

2 f(z)is dlﬁerentlable on the open interval (a, b)

\ Tnentnermsanumbe/[; ué@h}é-lg_t@\)d 'p(b /FQ_) “ \ i’ My -

\

&L \&Q) 7[(4) 4&&) qf(f)(lﬂ—’s) fo=—— EO\/O\'\—\'\’]
hc\m/'%_ s h'/[@*@’\>f ©b-0) ‘JV*“‘H

= N & T aty
Seeond form. If we write b = a + h, then sincea <c < b, > (SENCAN
c=a+6hwhere0 <8< 1. OZQA\
a} b’ Thus the mean value theorem may be stated as follows : _—
___/___,__"-_f_ If (i) flx) is continuous in the closed interval [a, a + hland (ii) f* (x) exists in the open interval (a, a + h), then
¢ here is at least one number 8(0 < 0 < 1) such that
jﬁ ‘% f(a + h) = f(a) + hf'(a + 6h)

X —

X

.é\“< Ex.-Suppese-that we know ’rha’r f(xmous and

od 6-h e
145" Ex. Determine dll the numbers c which satisfy the

conclusions of the Mean Value Theorem for the following
function.

10n) =252
[/23 213 -2 ﬁ(ﬁ] (4{2} %(95. %@1}2] 7C ) ZX—GL'IMJ
r ’,_/7Lz47{/:
J4)-

b—<

b _ Ta—o
thd - = P L = YR,

i e
L~

7= ]

C=2.7% ¢ /1

S\L/ differentiable on [6,15]. e know

Ithat f6=2=and that w hat f' (x)<10
lar;%eswsible value for f(15)?

X@VQL D=6 = PG j/(@ =2
SS L\g\ e (= g(*\ v ¢ (b0 —
s = HS &)

2 1 Lleey. g//(q Z’«

-
x\\\\% T(3) =
=
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Ty = B8

Ex. Determine all the number(s) c which satisfy the
conclusion of the Mean Value Theorem for the given function
and interval.

h(z) =423 — 822 +7z—20n[2,5]

Now that we know that the Mean Value Theorem can be used there really isn't much to do. All we need to do is do some function evaluations and take the derivative
h(2)=12  h(5)=333 W (z) =12~ 16247
The final step is to then plug into the formula from the Mean Value Theorem and solve for ¢.

126 - 16e+7= -1
5-2

=107 = 126 —16e—100=0

24 /70
0= 3‘7 = -22061, 3.6204

So, we found two values and, in this case, only the second is in the interval and so the value we want is,

c= 2+3"79 = 36204

Ay — S +— e FF an [—2, 3]

Now that we know that the Mean Value Theorem can be used there really isn't much to do. All we need to do Is do some function evaluations and take the derivative
AF)=-164¢"  AQ3)=U+e?’ At)=8-3"
The final step is to then plug into the formula from the Mean Value Theorem and solve for ¢.

Ute *-(-16+€)

§-3e 3= e

3e 3 = 80,687

e3¢ = 26,8052

-3c=n(26802) =301 = ¢=-1003

=-T2.6857

So, we found a single value and it is in the interval and so the value we want is,

\L\D/O\

D=
g \/‘j/fm} ==, %/%

jm) Ak A‘/]&( [,

Spreeio i 1 e l ﬁ( |>]lf{77]\:/< ]{)} 11 e e )
o = =) 4 (o4

-

< =2 +2<7) S
IO= =22\ =
Show that f (z)==2*=Fr>+ 252+ 8 has—eaeaetﬁf—ene—mai—reet—— -
() = 0 —oxe XV =&V~ @
1EC\)Z [—1 42043 = ¥V= ’W.—

~ |
N B e P T QR —_@ . v
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L— /),\_|/4 [~ 7 &« Se—,

() - LR :@ .
[,\, 03 Q{d :

<

; e () = -Fag 7 =
ol %T;—; ’r;fi"L/ C = M \q(=3e
) — —
B \\\ ¢ -\—2%/'::—0 . N 52 ¢

=
e [4+¢
For problems 5 - & determine all the number(s) ¢ which satisfy the conclusion of the Mean Value Theorem for the iven function and interval.
6.f(z)=2" -2’ +z480n[-3,4]
/—/__’_
6.g(t) =27+ +T7t—1on 1,6
7.P(t)=e® -6t —3on[-1,0]
8. h(z)="0z— 8'11[1( )on[ 3,-1]
@) flx) =(x — 1) (x —2) ) in ((:;,
@'(x) sin x—ix 10O, 7t} o -
e f()=logex1n[1/,_\_g><’\’—— o B
Wt’c) =e* in [0, 1].
Example 4.15. Prove that (if0<a<b< 1), b_‘; <tanlb-tan'a < b:—a !
p 1+b AT
e G
() = bt #"(c) %»7&» - o
/ V) = ¢ = ~
by — & __\,\L\LL L=t
e ~ ety _jes T =
(A% = : 2_/\ a A
5 - q — E—_
a < c <b =
9475 ey oz azb2)
el 2\ N\
)—7% \ \ S/
Z —— ——>_\ s
> S
\
— \Q

\T“ S et fde s by

-~
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\% N \BVE\’L (P - = ’—/_ —\ o
_— o—q > et JUEPES \g
\ L= SRSl -
L2 \ \/ V> —c é A \,\ /\AXl = %CAX N XY(O\A'@‘&
\\J\L \ e~

% ?@% = SR

/’ Ldws

%
— 4 \er ® 4\ N Qn(\)
- \ MG \A;V\ Q/’BC\\ -

o x >s _
e = ey -5es vndimy
;gwﬁx — e

Iffih) = f}sﬁbﬂnﬁﬁgh = f»(eh), 0<6<1,find 6 when k= 1 and flx) = (1.- x)5’2.Q”3(\ oy 2

16 S
< 7
\ @ x <
S\

Emmple4l&?mwﬂwmgﬂw—rﬂ1+ax)rwhere0<e<1a deduce that

Y i%<log(i+x)<x,x>a | ‘
J ~ Sl

Solution. Let fix) = log (1 + x), then by second form of Lagrange’s mean value theorem —_—
fla + h) =fla) + h f'(a + Bh), l 0<b<1)
we have \ _fla)=f0) 4 x f(Bx) lTakmg a=0,h=x]
or —— log(1+x)=log(1) +x. U1 + ) fl) = 1{4«\3:)
Hence log (1 +x) = x/(1 + 6x) e 5 -(-c) l= -
i < < I
%Sm\ce/ 0<b<l, 0<9<xforx> 0. [7L/ _—

}+&r<1\.-|4 orvf:» 1‘/ v
ﬁ B s
2 Q

l+9:x 1+x @

-1-+—E4log(l+x)<x,x>0. [By ()]
I

}am Mw@“ ST ZmatRD

A ~N VT /Ma LSS\ "\\\
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= L /};O&)‘f):\;\ %’LC«%@”\) S Z AR
~ s Ceiesn-y

; ; e = \’V“V%l ;
' R /DEV\(Q—@ Sse\fﬁf@

If (i) fix) and its first (n - 1) derivatives be continuous in [a, a + h], and (ii) f" (x) exists for every value of x
in (a, a + h), then there is at least one number 0 (0 < 0 < 1), such that

.
2 n AN
f(a + h) = f(a) + hf'(a) + % £ (a) + o + %T £ (a + 0h) Ca
which is called Taylor’s theorem with Lagrange’s form remainder, the remainder R, being h_': fid @ Can
n!
I
1
Cor. 1. Taking n = 1in (1), Taylor’s theorem reduces to Lagrange’s Mean-value theorem. /ﬁ, O
Cor. 2.m aN
2 n —_—
— )= RO) + 27 (O) + Gy [7(0) + oo 4 oy 7 (B). Co
which is known as Maclaurin’s theorem with Lagrange’s form of remainder. -
/ 1 = —
S ——
P T A —
—— | Y _ o ° .
e f=l = e v de e O A
1) N
M= & = \ L —
0 0 = Vel e W é’“(%n S S
T >

2w

C>— >

Example 4.18. Find the Maclaurin's theorem@ge’s form of remainder fv%;m%
s N

__\/‘Q AV« -V

RAD
<\ JVZ\E(;-C-\) b %Qﬁ(@m{:\)

X’(-B — ./,_,_L/ -
N c‘>/,\)o.,3__,_

O ,7_\
msg\w "(0\10 S (2D

N .

5 6y G X‘“?_Z%L\ . L(M =\ =

@5&(\ = S \/(0\ L \\ X‘( B%V\g(,bh\ _\¥-Z\-—SY\
&W‘ ) = —c,w\& (H=1
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\ 2

2 3

x X
1 =R e P ———
log(I1+x)=x + b
2 3

Deducethatlog(1+x)<x—£2-+% for x> 0. T WN.T.

Fone Ialud oy = Knan YO T k—ﬂ“) Y ow
f“\‘%?v\ Iy = 9% R \ZC’L e

Example 4.19. If fix) = log (1 + x), x > 0, using Maclaurin’s theorem, show that for (iCj,

\ _
\__ \
7% & (\»\,\\1— . — K —_};: A 'X -
B £ ZTE e
Lo - 2 U Souven - I
W

“
() = Doy TEBR = D donen Wikt = 1%@{@ N
@ Maclaunis\ él&&fﬁ;’r) éant be expanded as an infinite series, then

[ 2L Bhatiadi e e Bexaedn 1 v iy Uit

If fix) Sﬁ Z vatives of all orders and the remamderR in (3) on page 145 tends to zero as n — «, then
u§ ' théor@

the Macla becam: Maclaurin’s series (1).
Ex o AU lemw S 2w A2 Ve X8 vx%—?—\’\sqa\ N TR
am

mple Vonelonsns s cpend TR D SR o Yoo
B =
vy T WESE IR PG Ty 30pk it 112 e LR

%2? (W)= \ECOP'%(’Q*“ %\\(’/ﬁ; m 2 SecSecniu

-2

()
S 2 %ﬂ ZJ\—/— \«
|L5Y_('\V\Vr—~ /_+_2__ ?gr_*
l\ = T . )
ZKAX‘AY"\V\
. AW ST L\
(S Y S
—_ N 2 ,
8\\{\\/\\/\ - CA/""'\/\ _ - &\V\V\\;_Z_S\(\y\_
: = I AN N
= > Deat
s v _%“é%’@/f/
—_— e . s
,EMX—— AF(o) _— \ C)\)'\V\z g,\—-?_e:'“

é% o hrte—) (- A=
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R -
/F/(—D g}nw Coan ' (/—\’l\ 3(-2-::‘(”4—") ’é(_'

’) ‘ o =
JL/(’L>§CS/ it = (5/»7 /?'Cc? __E__

[0 Zpen R e et

W’Icg gs%eﬂg&h %\ = E{h\/‘\wsmh0=ﬂ+§u—{+aa—+z o
92 3‘ = o' o

E T8 cosB=1- .0 , 4. cosh@= 14— +—+—+..

21 2!, 4: 6!
<L v
r/ (0= < s tmo? w‘-’j—%m@@é* C&w@ﬁ?sﬁ—x“’@“\‘“ e T
x x %\‘ x x &"“\ \\l\
72" 1+x+—+£ e &w&@;ﬁﬁf}?;.ﬁ CJ\A “+< d\%\n«

/‘? ( og-;lsx} jf T—T—E’%"—+ ]
Ve r-@%%é@%%%w Bpell —

3 W
= | XA\ “
Exp]&g 4.21. Expand e"" o by Maclaurin’s series or otherwise upto the term containing x*.

1 (Bhopal, 2009; V.1
= \*V\)r_“,_‘—/\; v LA NN S

2= o)
9
EENED

S _ \ Jr. *@\M\ (S
Sew v

/
= »\Ar C& A\—-“g __B —\—5- Q\—v\ 3 A_\/x_»é 3%__0«—“” _\ —
l__g

= Spmc o RS

\Z

\W
&
[0 4ot — Ly =2
(é‘\ — 2- (_;f — Uen e )r\AB N &/\.;K/\
~
.c\f\“ / 5\‘\\,\ — 7\__3'\\ "Q

1[)(“) _ é’g”‘““ . —C TN —N

Fooo
%//(702 &>, o 4 & ° L
vah “ . cz((—k1>—l,{,_ N

__;___/&
|/

OF

S —
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q&wv\

( ; (\‘,V\%Lﬂ(}"\s I, %\V\G V\_\-‘/\_:\’

\
\A—E
(\\§
=
A
\
KY
" W
Sa
L 4
A\A
N
<
N

Syvit A RtV
e AEE TGS > S
6‘131’1"1(2 }+C\‘A+;" /}f)’lj g (etn) U)())TM" ’r\'_\;é
S e ?w‘f&m ——
/\1); C N C"S)LM
= A\ Sy %_\’V:) Pc)_
- ) (-3 -
Example 4.23. Expand ¢ xmtu:cemimgpowersof:t.
\ 2 pli( D Y
_ X(a (W N 4+
FoP = X RORER .
z
= P
@) Taylor’s series. If f (x + h) can be expanded as an infinite series, then
I fle+ B)=f@)+hf @)+ E f"(x)+£ F7(2) oo (1)
“A

_ If fix) possesses derivatives of all orders the remainder R, in (1) on page 147, tends to zero as n = es,
M then the Taylor's theorem becomes the Taglor’s series (1).

&%lau@a and 11_2): (x —a) in (1), we get

fx) =fla) + (x-a) f"(a) + ;! o)+ —— 3
Taking a = 0, we get Maclau L,_ 7_> o,
T Ty e
P - ple 424 Expand og  in pouers of - ) and henee meet o eimal piaces

Y w;((‘%z NS ORI W—«xg(fv‘*&w O gl
1= |

/?(\’0“-’%;». I w = O \A—\ \ Xy - N\
Y | ) 16“( D= Q,S (\) %CW)‘X UV(;?(—C)
J; (N\\ 2z — l(\ 2 = & - )VCM—'\\ (__\\ \_JQ—;) C"\—\)bl

[0\ '

VRN / P/ ( I

- =
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JX'\"('V\\Z—%L—: HICS 2 &»’KV\ N )‘_(y\_»\\ “ \—_%_1) C_’v\—\s’l 2
Pedazt PO=C Loy oy Py o

W

=0

3 -

Using Taylor's theorem, express the polynomial 2x*+ 7x2  x - 6 in powers of (x— 1) @
Expand ((7&  (Cochin., 2005) (ii)faii Tz, in powers of (x— 1) upto four terms.

E(\\cj’{%‘:—ﬁg—’_’z — c\é\._\i(,\g(v\——\\l\_( Cx—«\\.\—&
/ ? -
[l = G pans Ty = B 56 DY o -3y

ll
0= 1o = Mpen 3 e o
HI(V\) ~1 ¢
a=2 b= <=2\ A=V
Using Matfaurin's series, expardthe fefflowing functions :
3 5
l—togtt+7%). Hence deduce that Yog_ 2x4 %4,2‘_ 3

\ 5
e —

B (LT 50
- (2D bR )

{ AN w\"
3_(2*\*?_55 ,p,\% )z xsfrv\ S —

@ \&\,\,%\\m\: ?\ \__ REYSTNDR

QA\A/&\W\N*
%\\ .
\} Ct;} V\,\,g \ 2"\ }r')-q\vw\(/uw\ = ’Q

\m . C,m/ki\\fm

XCVB = C"‘}\V\},—g\vw\ , %‘(y\\ = e ) Qo SV\\C“\ - S ven ,Q\

S = AN ey X SHEN
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N
= Yo
“ (Mumbai, 2007) 5. tan"ly A
6 Togsecx  (Mumbai, 2009 S ; V.T.U, 2009) |
Prove that : ' i '
il .
@@ 8. xcosecx=1+ %4-% +o  (Mumbai, 20
v % P J(l‘uz)—l 1 Sy Y
9 sipl %X _gl, X X X 10 tan 1 W2 SIT LA CE B8 28
" 142 { i.+5 71 e 4 x D NG 7+")
w
;CV\\—:_ ﬁ/égcaw — OFM-o A \)V
X/’ (“)z \ -Sg,ém Neww \G\MV\
c/(\/\

/YVM —
T N - Nebem @ 2 Yemo = S
T & =\o™ \ Vo
g\l\ Lg\“\q/s> -
28
= 2 Need .

J(c\(\( IS=% =\ wi_\,\&gcc@_\\ | —Cw

A Aon®
e (SR N (g
IRNN %’;
ot () = e (e N\
Aot (Yo =L 6 = 4 1o

= (= =2 8, —
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Unit 3 P2

03 October 2020

PM 12:26 (_DO C)§b \.,Q < bé
O“Ob - - ) =

OA/°b
——— INDETERMINATE FORMS

’T\)’ 9 Ingeneral Lt [f(x)/(x)] = (x)/ Lt &(x). But when Lt f(x) and Lt ¢(x) are both zero, then the
=7 L e e 2 A T
{z__._ quotient reduces to the indeterminate FOWIS does not imply th Lt [f(x)/ ¢(x)] is meaningless or it
o - does not exist. In fact, in many cases, it has a finite value. We shall now, study the methods of evaluating the
/D limits in such and similar other cases : o s
— SA
@ Ly (= =Ny S ——
—X__\ o —_— —_—
1)
I R e SR R R ) o R
[CY \,\ — - _-
—— D W™ "5l AT o ~allw) RS TR T —
1y Cun
RS RS = f_C%OO):A—Z \
P \ \ \ L =~ =R

V]
-2 e Vv =
T N Sl S .
— e N TS & N2e =L\ <\_7\Lvm _%
B moen s e
= A
= 5 Le £ _ @ 4, UG ¢
I x> a OI(xX) ¢n(a} x> a ¢n(x) -
[Rule to evaluate Lt [Ax)$(x)] in O/0 form :
~log (1+
Example 4.26. Evaluate (i) 5 05;(1 x).
x=0 X
(A ¥
™~ @) Lt ————=
/ )x-»Ix 1- logx
2
A
2> - B
/L
o=
B Q( “T\’O“k"‘ w\ \ Qﬁﬂl_ }(‘/\—: N ’3
N .
2 - \
WAL Br—1) —
N AEDPETD )
YU> 6 ~ —
= =
— 2
i drae = (V.T.U, 2008) 2. Lt Xe08Xx—sinx

x>0 x x>0 x? sin x
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/\?

a® -b*

L Lt (V.T.U., 2008) 2. 1Lt X oS X — sin x
x>0 x x>0 x2 ginix
— si sinx
3. Tt .9 sinb ol T A aidty K.
AR P N0 x> n/2 log, sin x

o T e <=\
O S5 S G
‘Q/‘ ‘\——&f’\\” .[zb‘{
= N E 50=

LY e/’%"_i =14 @ \—&

520 Sno (F0) @3° (g (1-trod +Sne (36D °©
. _ Lk O 3w © @
R e TN T
_ ik Cos
O Cagl-tusd-Sm sy k Gl —500 (26 -2
\
= e =X
& 6\8““,q oy C)z e

= = — c. - )3*9\/\“\—0
?Bji Véﬂgjn“ —"VL%EZ i (‘/‘;\%\ ,_nys\azg\v\y\,)_aa

S\V\\I\. )_ D\ _ C/\_A"\-ﬁf»\\

)Qy S =R T S Y

(2) Form cs/es, It can be shown that L’Hospital’s rule can also be applied to this case by differentiating the
numerator and denominator separately as many times as would be necessary.

@/’:)( N e
/ Example 4.28. Evaluate Lt e A TS
x50 cot x” C_RKN =
L
_S 2 )
M6 i — L S —
—Cvalw S o AN
—_ L —2§\“V\ _2_(03\

K20RB Unit 3 Page 17



Obs. Use of known series and standard limits. In many cases, it would be found more convenient to use
expansions of known functions and standard limits for evaluating the indeterminate forms. For this purpose, remember

the series of § 4.4 (2) and the following limits : @
\

! xl-foT 1 1 ‘ xl:oto(l+x)lll =2
l/Y \/u
Lt (U e ‘E(AM\ N ac 6{—\’\)

/’”3"/—”’”— N
=i (= - 9= dy (e

RS 4 JoaCuny
Lt (D Eoe J=c

72';/; ,f/ qB\é‘L - (\)¢ ﬁ(\ W \,\2 \
’%)»Klgl 1/ " DO 976 e
Wb -=
/\//

X - X, 2} 2 o—-u—-"’" v /
Example 4.29. Evaluate Lt < 5" ">"% IS I
3 x50 x +xlog(\1/—x) o ¥\

O
e

[ ‘
/ 1/x
Z Example 4.30. Evoluate Lt St9 58
-0 X
_ T +5
ey é }Z*l\i—dx~€_ <"z é\e\f

N ° Ay

[

—_—

Lt

\

(3) Forms reducible to 0/0 form. Each of the following indeterminate forms can be easily reduced to the
form 0/0 (or =/=) by suitable transformation and then the limits can be found as usual.
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(3) Forms reducible to 0/0 form. Each of the following indeterminate forms can be easily reduced to the
form 0/0 (or =/=) by suitable transformation and then the limits can be found as usual.

I. Form 0 x o, If Lt f(x) =0and Lt ¢(x) = o, then
—_— x50 X e
Lt [f(x).¢(x)] assumes the form O x e, /—
x —a

To evaluate this limit, we write

= ¢ (xV[1/f(x)] to take the form ecofco.

P Gl S
@4 >0 g;

C%/.)a f(x) - dlx) = f(x)/[1/¢ (x)] to take the form 0/0.
-

\~

=<

O« EVaY _01_3_
= i
Example 4.31. Evaluate Lt (tan x log %)
-0
LD Lt X ™ el
O%F 2> H— T L-:\ S’”’:)__ -
L LA N
Lo
—p e L > (5
S, L = MAe SA
- <L W

7_\/)(—23\“\,\»(/\1\\4 - —2\_5;0 —

IL Form « - If Lt f(x) == Lt ¢(x), then Lt [f(x) - 6(x)] assumes the form e —co,

§A _ — I—=a X—a
<9 It can be reduced to the from 0/0 by writing

) —
) =6 = hu)ﬂﬂyﬂum)

Example 4.32. Evaluate Lt | — 4
sinx x

x =0

(1/1) L
O E>
(SOAN

o
o
Mo v =
L&
M 4 __,,S,\ﬁ"-—— = @—_—— 92*: = O

~ 7Sy Con Al A
(v
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0o

[¢] (\,\) )
O/_—;ob m%i_@ﬁ& oo :C’g/’so o %@

- & = &,

—

—
—

1L Forms 0°, 1=, =%, Ify = Lt [f(x)** assumes one of these forms, then logy = Lt ¢(x) log f(x) takes
x—-a x-a
the form 0 x e, which can be evaluated by the method given in I above. Iflogy =/, then y = ¢/

Example 4.33. Evaluate (i) it

x x x 1/x
(sin /" * (i) Lt [E__T_'i_if_]
x—->nl/2 ot 3

; ok}

C —_ .\,\)
= i It ( tan x)"*’ € : ) |
’&AV\V\ ’ @\* oy
(D?’LZ é ) ’%i;; < _l

Lt o T .
ST § - Lt A= LD e

\oy

Y—

= — ’X—B%’T/
— Lt j’/jg\\m Oo
DU —
2 Ceotrn
- — =
N . S;M“ :\—)“ -—\’\V\— -C/\J\\A - —\_©°

| - ‘U'LM X—\I}\_ g\?\l\
Y

& - =2
,(, C\Y/{, IDM/’—CY \IJ
%L_\< > > v ((B!%n(qgg L)
Ly( VPP B(/“ %kr\;\ (S (@962 ETR L A
Iy e S 7 =

= ©) & (3'\3
3o ﬁj( v ) /Q/ﬂ \ Méd) Cc\\qc\é
L+ SR A R TI ;
o = — e (et ihag -
) = =

\/]
— (‘?_Q”) (G\\‘L\Bh; MDA LJ\/\A \’i‘\\%lfsd\ — )j \&/XCQ«\O QB = _(C\\z <)

= (& (3’} v

g + (c—1). Ly G“—\—\Q’\_&,LV\— L
o o geor ] e,

(g X

— — %Sqw}hj\*\—;ﬁ""\\“'} k‘,\’Q/J\ <
/ﬁ’ \ L= p
M
2 Do

~ : w, /™
e ( 42 4200 —) Yo
L+ / I 4’7\7'(/[;-’—,.%:78}_,\\ "
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2D L”"T’)g——"*f N
<14—7\<J-+17«f )}
~nJ\
LJr | £x 6>/“ = t= L x,%g_—w\l\,__
X / \[)
(( ) R z
S — =D _LT —>
1 1 i
¢ xlﬁo[?—sinlz x} " xl—‘fo(;—e’_l]
3. Lt (2x tan x — msec x) (V.T.U., 2008) xljo(cotx—ux)
= = s
L* ,?1.3;\“ ———-ﬁ_—, l_&\ 2\'\2\_\:\»——‘: _ 23\\«\\:\\_‘2’\:\@\_);_\,\ o
B _ 2 &2
g — -
)4 Cot 21/, —
MG — = = LY ( 6""4 _J—\
e LSSw- n?
— ),:\‘ WCJ‘%V\ —&\Y\V\
S —~ T
— L_:‘ — A v \—cp»(—%v\
NDo
YO RS e
_ L = — o N\
'WLAU — ——— —_— __‘i_——
. Gove )(—LQ\V\V\ A e \—QN\\I\\-'L(MV
o) T
5 1t [Tty 6 Lt (-2
20 2 x-1 —
7. Lt (@ +0V* (V.T.U., 2007) 8. Lt (secx)™*
_—x-0 _ x-n/2
2
9, It (1+sinx)™* 10. Lt (cosx)M*
x>0 x-0
1. Lt (tanz)?% (V.T.U., 2004) 12. Lt (cotx)'/'8*
x-n/2 g x-0
PR ?:ﬂ i
Example 4.27, Fmdthevaluesofaandbsuchthat Lt fatd {c);csmx:r/‘ /o N
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Example 4.27, Find the values of a and b such that Lt

10

9((—-63/77'\>+——(4\1"50Mh> — CG:AV\

Lt _
e S
==l
L+ (- bsmg +x(— Dk (s Sin) 4 CSimn
220
Zo 7\3
(25 1 QS\‘W — b wCom
’?'Z Do
2o x>
'nLAqL; él b ¥C> Conw & BaS . A G \
Gon™ -
K \o <2L>+})é> C"‘M’\ A+ b IS ._\fb/%V\
G on—

|

F A= o

PSS

\=

o))

=\

=\

L’\' ‘D AR
We 7[(: 2 = (o ) \h@l\
- \

(
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1 o e R i >y e
— == N

Increasing and decreasing function

1.2.4 Increasing and Decreasing Functions

/ \ Let y = /(x) be a function defined on an interval / contained in the domain of the functiop ).

Let_x,, x; be any two points in /, where x,, x, are not the end points of the interval. On the intepyy

(‘ (4 1, the function f(x) is said to be
)
(i) an increasing function, if S(x)) £ fx;) whenever x; < Xp.
1 (i) a Mrgaﬁng function, if f(x,) < f(x,) whenever x; < X.
(iii) a decreasing function, if f(x,) > f(x,) whenever x; < X,.
-1 / (iv) a strictly decreasing function, if f(x,) > f(x,) whenever x; < x,.
s
S{ A function which is either increasing or decreasing in the entire interval / is called a monotonic
functlon o

G
¥ Y

}@@ L
L/ herefore, we conclude that . -

é (Oﬂcreases in 7 if f"(x) > 0 for all x in 1. (Uv\\; .
(ii) fdecreases in 7 if f7(x) < 0 for all x in /. /?
— - —_— > g
| = c C

r
Example 1.10 Find the intervals in which the function f(x) =sin 3x, 0 <x < 7/2 is increasing ©

decreasing.

/
Croze . =30 == ozxz T
@a@‘f\y\i L
\(‘\ro )(\ /’L/ 3%""@”%)’%— T
e = (Z“‘\’\)’W -S[) e

ngj@m&% B
b

O £ ™
"
LN O 7‘(__—5; /yl@Q = 30w = 2.\ <D AV e v
— ~C / - Oec «
Vi W 2X=2 W Yoy =350 3 G (W9 = 3G e
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; TS 9T TR T A T e
/ . C/‘bg—g\ . _ ——
P S ;4»\)—3- 20 3 U (B-R) = 30wk e
- 6 > “ —<
\_ﬁ%f
29, In(2+x)-2/(2+x), xe IR 30. x|x|. xelR.
/;(\:\\ %L >Y B (}Wb
T TN C el R G P 4
S22 C2 ey - 2 eyt
,_/\’\’_ 2>ry\ —N\ ____.'Y\f-L
L ="21
L=
E=y D
(22 @
—N< Ve
DCX Qaw\k
2 =\ ~
(30) wx) Gt 5 rUARER
L
E\(V‘\ 2 K'—-\Y\’\N—\)r \\t\\ = '\:\_L\V\_\’_{:’\r\/—( i\/\( <’a4,b&>
\ .y
31 tan ' x + o, e IR.
JT—\ %3\'\(
Ve C9> D¢
\ - \eet RSN NG o) e Q
\ o = T o (=
e —n
_.’_:;—/’—-T _\ B \ —\—n" ~ ,%Z e —Mc D&Z
\ew T\ Ve T -
D Coss <L)
VWD e v %,V\m = W (oA Lo
S;L < Eﬁ < W_\V\\V\Q
j'(\ﬁx >\>«\@"\€<\"AY\BG\V

e
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MAXIMA AND MINIMA
Def. A function f(x) is said to have « maximum value af x = a, if there
evists a smell number h, however small, such that fla) > both fla-h)and fla+ h).

A function f{x) is said to have ¢ minimum value at x = a, if there exists a small number h, however small,
such that () < both fla - h) and f(a + h).

ViIg: TdY

(3) Procedure for finding maxima and minima

AN > (i) Put the given function = f(x)
(it) Find f’(x) and equate it to zero. Solve this equation and let its roots be a, b, c, ...
o@h

/71) = O (i) Find f"(x) and substitute in it by turnsx=a, b, ¢

p
L a,b, (- Iff"(a) is - ve, f(x) is maximum at x =a. “— ,;CC«S —o '\’\'g
P, If f"(a) is + ve, f"(x) is minima at x = a.

[ X) = (iv) Sometimes f”(x) may be difficult to find out or ”(x) may be zero at x = a. In such cases, see if f'(x)
hanges sign from + ve to - ve as x passes tﬁrm.gh_a, then f(x) is maximum at x = g.~—

If f'(x) changes sign from — ve to + ve as x passes through a, f(x) is minimum at x = a.
If f'(x) does not change sign while passing through x = a, f(x) is neither maximum nor minimum at x = a.

- v ~ - eyt

\'(a\!%" -

Theorem 1.6 Let f")(x) exist for x in (a, b) and be continuous there, |
et

N3 ’ =P n— X
e L@ =) = ... = £y = o an@ 3 ,y H(‘I\'ﬁg

3
Then, '\(\7’/‘

(i) when n is even, f(x) has a maximum if F™

(xp) <0 < . %

and a minimum if f(x,) < 0
Nnor a minimum.
Absolute maximum/minimum values of a function J(x) in an interv.

(1) when 7 is odd, f(x) has neither a maximum,
Qo Ve r B =

al [a, b] are defined as follows:
v Absolute maximum value —M) £b), all local — -

/'/ —
v lh\oluu minimum value = min {f(a) f(b) all local minimum values) .
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Example 4.56. Find the maximum and minimum values of 3 - 2 - 6% + 6x + 1 in the intervd] (0, 2.
w[(o\; | /?6«3—. S &l ey
N R A
/§-— “ 2143/_ ?tl,—ZK—f— {;o

%2 (2n—1) —l1(2n1)= ¢
C’Z 2,/ )(2)(—0) = 0

z=1] L

2
i LD =22 <= =

/P/(v\\ = ROCAR 7
“O;: LT = Ave N
/?”(/\): L AL =xve T

/@H(,\Z‘B: q — (¢ —\L =V v

v’

3 -z _(C +¢
bb) =g =M
L(—\‘\ =24y —6—6CH = N = LR RS

(WS
14
Example 4.57. Show that sin x (1 + cos x) is @ maximum when x = /3.

—_—

Fi > Sl e - < g
nd the absolute maximum’/minimum values of the funcuon

/;, /(7‘) = Cu\vk ( V¥ CJAV\) el S v (—g'\V\V\B

S = sin x(1 + cos x). 0 € x < 2. o, 2T
m—
= CJ\)) " ,\_C/\);zv\ =S

< oo - Gl e g
= Cann N C o = o
L ORMiv = 2y —
= C»msr')_@v\—\ ==
:_2_6\/\2\'\,\,—690«——\ — o
Corsw —\.\_—_!,! 2
_ S L
" SN
C/b'u:_ —\

v
2_

DT
>
+_
=

2 —
=/ 73 jj)

2 W+
2
Y
(1) =2 —Spw—2 S n

J)”/(D'\q S/ 8N D &ln) = D
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M) o Setn) 28mGes) = o
/g”’(ﬂa s U Owrme V=4 = e
\

Aw =T Mo MM YW 2% L w-T
>

//? () =Sy — LB ’@‘

4&”{\4) = = a")j f—Zgiv\Zﬁ e —-f}__ly — —J < MAWNNN

—_—

N

/,P( /EL< [,\.,_(_12 \? ,)E(V\\ ~ean \rlandy
D= B () < —
/}&o i /O/ &M = Z\“-S?i (3) o)

N
\
(WRNY

Jon = o7
&:’,‘l w2\
_._/_‘E.H' (r — 1) (x + 1 3. _39. sin x + cos x. ==Y
_ 40, X 41, (sin 0™ B
7?(?72 (71/')1'(”‘7"1)3 — ZLinm A Qo 5;%
BCENCI N EE G b > S = G
Crn 0wy SNy == CSewa=)

=N y\—_—>\/~zs\—_\—§

N
Az Qﬂg\}“ < "‘)X " %M<XYMB
- & S/ AN e
M?Hm N

//Aé’
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Comm O\ M&“ ="

D —
C on = o \ "Q")Sg\v\\/\ - _‘\’)\
L \_S- SN ==
\r\a oXx\yr —
Example 1.14 Find a right angled triangle of maximum area with hypotenuse /. /I\J
. ngiee e T T W nnoicnusy

Solution Let x be the base of the right angled triangle. The area of the right 'mnlgd triangle is
f

3 e ) " M (L\A\\
xfh-=x", 0<x<h ’LQ‘X\'& ol —'L‘

W

AW) =

19| —

I=) bl

1
Now, A'(x)= 3V ' =0

)]

Jh -x° 2

YW= O
Setting A’(x) = 0, we obtain the ercal pomt a@ 1 %_L/
\\7’ ?—@ © 2 ,_,_
PUE>
e = q,_\,\ KRN\

=y O T TRR e
= f% —N< Ve e
- Z W |
e 7/\{/\@ %2 AZ % >

_ ve = 2 N * Q=% ©

-2

Now, 4’(x) > 0 for x < 4/\/2 and A’(x) < 0 for x = hizZ .

. — 32
Thercfore, 4(x) is maximum when x = 4/+/2 and the maximum area IS A(lx/ﬁ) = h%/4.
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